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ABSTRACT 

The  initial-value  problem  for  equations  of  the  form  u^  - /V  (u)  = 0 
where  \p : ]R  H is  ncndecreasing  arises  in  many  contexts.  The  main 
results  of  this  paper  concern  the  continuity  of  the  solutions  of  this 
initial -value  problem  as  a function  of  . Depending  on  the  behavior 

of  near  zero,  one  finds  either  that  the  solutions  are  continuous,  into 

IN  IN 

C([0,») :L  OR  ))  as  a function  of  y or  into  a weaker  space  in  which  L OR  ) 

is  replaced  by  a certain  wighted  L^  space.  A variety  of  auxiliary  results 

are  proved  and  the  sharpness  of  the  condition  which  distinguish.  between 

the  above  cases  is  established. 
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Significance  and  Explanation 


t 


The  initial-value  problem  for  equations  of  the  form  ufc  - A^(u)  = 0 
where  <f : F ♦ K is  nondecreasing  arises  in  many  contexts.  The  main 
results  of  this  paper  concern  the  continuity  of  the  solutions  of  this 
initial -value  problem  as  a function  of  •f  . This  question  is  of  interest 
from  many  points  of  view.  To  have  a physically  meaningful  problem,  one 
wants  continuity  in  <fi  . Or,  for  example,  one  might  like  to  approximate 
solutions  of  the  problem  u^  - A(u3)  = 0 (which  is  degenerate  where  the 
solution  vanishes)  by  solutions  of  the  nondegenerate  problem 
ufc  - A(u3  + cu)  = 0 for  e > 0 . This  is  justified  by  the  current 
work. 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive  summary 
lies  with  MRC,  and  not  with  the  authors  of  this  report. 


THE  CONTINUOUS  DEPENDENCE  ON  ^ OF  SOLUTIONS  OF  Ufc  - bp  (u)  = 0 
Philippe  Benilan  and  Michael  G.  Crandall 

Introduction . 

The  initial -value  problem  for  equations  of  the  form  ufc  - .V(u)  = 0 , wtere  ‘f  ■.  ]P -*■  m 
is  nondecreasing , arises  in  many  contexts.  The  main  results  of  this  paper  concern  the 
continuity  of  solutions  of  these  initial -value  problems  as  functions  of  the  nonlinearity 
if  . These  results  will  be  obtained  via  nonlinear  semigroup  theory,  in  a generality  in 
which  if  may  be  a monotone  graph;  however  we  will  preview  the  results  here  in  a more 
restrictive  setting. 

If  If:  ]R  -*•  IR  is  continuous  and  nondecreasing  and  uQ  e L1(3RC°)  n L°°(IRN  ),  then 

. 1 N 00  N 

there  is  a unique  u € C([0,®)  : L (IR  ))  n L ((0,®)  * IR  ) which  satisfies 


ufc  - be  (u)  =0  in  £>'((0,®)  x IR  ) , 


u (0,x)  = uQ(x)  , 


N 

X £ K . 


The  existence  assertion  is  explained  in  Section  1 and  the  uniqueness  is  proved  in  [81. 

Assume  that  continuous  nondecreasing  functions  ? : IR  •+■  JR  with  (0)  =0  are 

n n 

given  for  n = 1,2,...,®=  Z+u  {»}  together  with  initial  data  u^_  e L1(kN)  n l”°CRN) 

On 

1 N 

and  let  u^  e C([0,®):L  (IR  ))  be  the  associated  unique  solution  of 

r u -/V(u)=0  in  D'((  0,«)  x jrN) 

nr  n n 


u (0,x ) = u tx) , 
n On 


„n 

X £ H . 


If  •f  ■*  <f  and  u -*■  u in  suitable  ways,  we  will  prove  that  u -*■  u . However,  the 
n <=  On  0°°  n 00 

precise  situation  is  rather  complicated.  If  N >_  3 , there  are  (at  least)  two  distinct 

possibilities  depending  on  the  behavior  of  ^ (r)  near  r = 0.  Roughly  speakinc,  if 

the  graph  of  ^(r)  is  too  steep  near  r = 0 , the  associated  diffusion  is  so  stronc  that 

the  convergence  of  u to  u near  lx  I = ® is  not  as  good  as  it  is  in  jhe  case  wfere 

^(r)  approaches  0 more  rapidly  as  r -*■  0 . To  describe  the  condition  on  the  behavior 


Sponsored  by  the  United  States  A rmy  under  Contract  No.  DAAG29-75-C-002  4 . This  material  is 
based  upen  work  suDDorted  by  the  National  Science  Foundation  under  Grant  No.  MCS7F- -01.! 45 . 


ot  near  zero,  let  . Then  B^  is  a monotone  graph  which  is  a function  only 

if  •f  is  strictly  increasing.  Let  B°(r)  be  the  element  of  least  modulus  of  B (r)  if 

«*>  UU 

r t Bi  (V^)  (the  range  of  * m) . E.g.,  if  r > 0 and  r » ^(s)  for  some  s , then 
6°(r)  - mintt  :r  - If  r > ^(s)  (r<y>_Js))  for  all  s we  set  B°(r>=«“ 

(respectively,  B°(r)  - -») . With  ttese  conventions  we  have: 

'Theorem:  Let  u e C ( 1 0,~]  : L1  (TRN  ) ) nL"<(0,«)  x rN  ) be  the  solutioi  of  (1  ), 

1 n 


i.2 », 


(2) 

and 

(3) 


lim  4 (r)  = *>  (r) 
n 

n *» 


for 


re®. 


lim  II  u 


on 


0»  , 1 , N , 
L (®  ) 


Then  the  following  assertions  hold: 

(i)  If  N“1  or  N = 2,  then  u -*•  u in  C(10,»)  :L*  (®N  ))  . 

n «** 

(ii)  If  N>]  and 

«>  - r r*-1 »:  ( -^j-r  - r ^ < ( -fe-j  * - . 

a r a r 

1 N 

then  in  C(lO,»>  :L  ( 1R  )). 

(iii)  If  N > 1 , 0 < ci  and  p {*.)  * (1  * |x|^)  W then  p u ■+•  p u 

~ a ana® 

C([0,»)jL1(lRNn  . 


for  a > 0 , 


in 


To  clarify  the  nature  of  the  condition  (4),  let  *^{r)  - |r|m  signr  where  m > 0 . 

Then  B^  is  a function  and  B^tr)  - |r|1/m  signr.  The  condition  (4)  is  fulfilled  exactly 

when  (N-l)  - (N-2)/m  >_  -1  or  m >_  (N-2)/N.  It  will  be  shovn  in  Section  3 that  if 

0 < m < (N-2  )/N  the  ccnclusicn  of  (ii)  fails  in  general.  However,  even  if 

o < m * (N-2) /N  we  still  have  (iii)  holding.  The  behavior  near  |x|  = « is 

adquately  damped  by  the  weights  p . 

a 

Parts  (i)  and  (ii)  of  the  above  theorem  are  proved  in  Section  1.  The  proof  of  (iii), 

formulated  in  an  appropriately  general  way,  is  given  in  Section  2.  In  fact,  we  associate 

an  m-accretive  operator  in  the  corresponding  weighted  L1  space  with  each  prohlem  (1) 
and  show  this  operator  depends  continuously  on  . Section  3 establishes  tte  necessity 
of  (4)  in  the  class  of  nonlinearities  * (r)  - |r|mslgnr  , 0 < m . 

There  appears  to  be  little  previous  work  on  continuity  of  solutions  of  (1)  in  y. 


1.  Continuity  in  C ([0,«) : (»** ) ) . 

we  begin  by  a review  of  the  material  vie  will  draw  upon  in  the  sequel.  In  order  to 
discuss  u^  -be  (u)  * 0 within  the  nonlinear  semigroup  theory  we  first  associate  an  m- 
accretive  operator  A^  in  L^  ( ) with  the  formal  expression  A^u  = -be  l u).  This  is 
done  via  the  results  of  (5).  Let  e be  a maxim  ad  monotone  graph  in  » (see  [7])  and 
consider  the  problem 

(1.1)  u-Aw-f  in  V'  (*N)  , w(x)  e * (u(x))  a.e.  x e RN 

where  f c L^(»N).  The  following  theorem  holds  ((5)): 

Theorem  1 Let  e be  a maximal  monotone  graph  in  K,  0 £ e (0)  and  f o L1  (IRN ) . 

Then: 

(i)  If  N ^ 3 there  exists  unique  u c L^dR*1)  and  w £ mN^  *N  2'  (IRN  ) for  which 

(1.1)  holds. 

(ii)  If  N - 2 and  0 £ int  D(^),  there  is  a unique  u £ L^tffi2)  for  which  there 

exists  w £ L^^dR2)  With  w(x)  £ l(u(x))  a.e.,  gradw  f M2  (1R2 ) 2 and  (1.1) 
is  satisfied. 

(iii)  If  N ■ 1 and  0 £ int  D {e ) , there  is  a unique  u £ L1  (IR)  for  which  there 

exists  w £ L^  (DO  with  w(x)  £ *(u(x))  a.e.  and  (1.1)  is  satisfied, 

loc 

Remarks : See  [5,  appendix)  concerning  the  spaces  M^tH**)  . To  relate  (1.1)  to  the 

problem  studied  in  (5),  put  8 ■ e * and  rewrite  (1.1)  as  B(w)  ■ iw  s f . 

The  operators  A^  may  now  be  defined  by  setting  A^u  = ( g £ L^  (1RN ) : u is  the  solu- 
tion of  (1.1)  for  f - g + u)  for  each  u £ L^dR*1).  The  results  of  [51  also  contain: 
Proposition  2 Under  the  assumptions  of  Theorem  1,  (i),  (ii)  , (iii),  A is  m-accretive 

e 

in  L <*">.  Moreover  (I  + A^)  ^ : L*(IRN)  L*(1RN)  has  the  following  properties: 

(i)  J is  a translation  and  rotation  invariant  contraction  on  L^(IRN). 

•e 

X N 

(ii)  Vf,g  e L (1R  ) , f < g a.e.  inplies  J f < J g a.e. 

— e ~ e 


(iii)  Vf  £ L1(1RN),  -|lf"|| 


. N i'|f  » . N 

L (IR  ) * L (IR  ) 


where  f ” max  (f , 0 ) , f « -min(f,0). 

Moreover,  if  f,u  « , w are  related  as  in  Theorem  1,  we  have: 

(iv)  If  N 3 there  is  a constant  depending  only  on  N such  that 

-c»  'Vrf,  ■ 


(V) 


It  N ^ . there  is  a constant  p^  depending  only  on  N such  that 


* - 


In  view  of  these  results,  the  problem  - ,V(u)  * 0 , u(0,x)  u (x)  ma*  in* 

tran  scribed  as 

(1.2)  ~ + A u • 0 , u(0)  * u_ 

dt  y 0 

And  solved  by  the  nonlinear  semigroup  theory.  (See,  c.g.,  (.'J,  l^l.fiol).  t v is 
IN  N 

continuous  and  u^  t L (IK  ) n L (IK  ) the  resulting  solution  satisfies 

In  %v  n 

u « C(10#**)?L  ( IK  ) ) n L ( 1 0 , *w)  * IK  ) and  (1)  of  the  introduction.  (While  this  l • 
not  in  print,  it  is  easy  to  show.)  In  the  general  case,  we  are  inteiested  in  t fit*  con- 
tinuity of  the  solution  of  (1.2)  with  respect  to  p . For  this  we  will  employ  the 
result  of  nonlinear  semigroup  theory  which  states  that  if  each  of  A^  , n - 1,2,...,* 

is  an  ra-accretive  operator  in  a Banach  space  X , x t P ( A ) and  u is  the  solution 

n n n 


Of 


(1.4) 


A u 


0 , u (0) 
It 


X 

n 


then  * Av  , ► x implies  u^  * u#  in  C(lO,**)jX)  where  A^  A mean?. 

(l.b)  lim  (I*A  ) *x  - (I*A  ) *x  for  x > X . 

n *" 

n wo 

(See,  e.g.,  1*4)  , (101  for  statements  and  leferences.)  Thus  w»>  ait*  i educed  t ' studying 
the  guest  ion  of  when  * v*  ^ (as  m-aocret ive  operators  in  IK)  implic  A * A a 

m- accretive  operators  in  I } (TK^)  . 

Kemark : The  ivnvenjence  * c ^ can  Im*  rephrased  as  y,v  (r)  * y''  (i)  a.e,  i IK  , 

0 v' 

where  c (r)  denotes  t lie  element  ot  y*  (r)  of  least  modulus  and  v'  (»)  "(-*"  ) 

1 \ i 

r is  alcove  (respectively,  below)  P(v'  ) . 

Hie  main  result  of  this  section  is: 

Theorem  <.  l.et  n • 1,2,..,,*"  lx*  maximal  monotone  graphs  in  IK  with  0 . ^ O' 

let  v * c as  n * *».  If 

n >v 

(l.h)  N - l or  N » 2 and  0 < int  P(y'  ), 


(1.7) 


K 2 ^ * *'  “ *"  and 


J»-i  ,0  r j;l 
x 

for  a ' o 


•-f-fe)*-  r"1  ci-btU' 

• a r 


then  A • A as  m-accretive  operators  in  L^llK^) 
*N 


* !r  sitjnr  , we  saw  that  (1.7)  is  equivalent  to  (N-2)/N  v m 
example  which  helps  fix  the  ideas  is  v*^(r)  0 . Then  B°(r)  » .v  for  r •>  0 , -» 

r s 0 and  0 for  r « 0 and  (1.7)  holds.  Also,  if  y (r)  - IK  for  r « 0 and 

a* 

»Vr)  * * fur  r * 0 , then  KJr)  0 . In  this  case  (1.7)  fails  and  so  does  the 

conclusion.  If  v>  (r)  » nr,  then  »•  » 4 . However,  the  solution  of  u ♦ A u » 

a n yf  n 

r n 

Un  * n Un  * ^ satisfies  N Un  * • Nf  ^or  n * ^ while  the  solution  of 


Anot her 
for 


IK 


In 


u ♦ a u ;>  f isu 


1 N 

0 . Thus  u^  -»  u ^ in  L (IK  ) is  impossible  if  / f ^ 0 . 


Proof  of  Theorem  1 for  N 2.  i • The  principle  new  step  in  the  proof  is: 
Proposition  4.  bet  »•  , n * 1,2,...,®  be  as  in  Theorem  3.  Let  (1.7)  hold  and 


f t L*(]RN)  . Then  {(I  ♦ A,  ) Lfx  n =■  1,2,...,®)  is  precompact  in  Ll(RN)  . 

* n 

Proof : first  let  y be  an  arbitrary  maximal  monotone  graph  in  IK  with  0 < y(0)  and 
- 1 N 

J « (I  » A ) . Let  l g(x)  « g(x+y)  for  y t IK  . Since  we  have  that  J 0 » 0 , 

v v y v* 

1 N 

- J.  “ t and  is  a contraction  on  L (IK  ) (proposition  2)  we  also  have 


, -1, 


, 1 , _N 


(1.8) 


11 V 1 N i “ f"  1 N 
L (K  ) L (IK ) 


II  : J f - J ftl  , „ « II J t f - J fll  , „ 

y»'  * l1(irN)  Y * L l(KN) 


lit  f-fll  , „ 

y l1orn) 


which  shows  that  (J  f:  y a maximal  monotone  graph  in  IK  with  0 < y(0)  ) is  a bounded 
0 

1 N 

subset  of  L (IK  > on  which  translations  are  equi continuous . This  implies  precompact- 

1 N 

ness  in  L.  (IK  ) . We  need  then  only  show 
loc 


(1.9) 


lim  } |j,  f (x) |dx  » 0 uniformly  for  n * 1,2, 

R~<|x|ir>  *n 


-6- 


I 


> ' o an.'  chooae  N , ' 0 aueh  that 


ll.lv" 


* (f  ' NV;  . K l>  • J N ' * 

' * 1 - Ro  ' L («r  1 


whei*  t - maxu.il)  and  \ is  the  cluKv'tgnttio  function  v>t  A - IK'  . Set 

4 * **\  ^ > K ) ‘ ^ have  f ^ f*  _v  g ♦ (f-g)*  ami  *o 

♦ ♦ » 

to,  t ) or  v j (g  ♦ ) 

♦ * V 

« n n 

be.-ause  is  otvWi  preserving  (Proposition  .M  . Using  this  and  ll.lo), 

n 

/ <J  t * »_  / v>  , <f*>  v / J (g  ♦ (f-g)*) 

('*"**  n { J * I _^R  ' " t»  i ’ x | _^K  V ’ n 


i / J _ g ♦ / |d  ig  ♦ U-g)*>  - J,  lg>  | 

i|x|MO  *"  { |x  !_'K)  n *n 

i ] J .9  ♦ I (f-g)*#  _v  / J g ♦ t, 

i i x } 'K  > n L IK‘  1 t ; x 1 > 'll 

l N 

*inoe  J »*  an  L v K ) cent  i av't  1 on . Recalling  that  t ' 0 is  arbitrary,  we  conclude 
'tt 

that  it  is  enough  tv'  show 


U.l-M 


lim  .1  t g 0 uniformly  for  n « 1,2, 

S“  l |x  ! 'R)  'n 


in  v't vie t tv'  establish  the  same  for  (J  f>  , Treating  (.1  f)  in  a similar  way,  il.lv'> 


hold*  fot  t it  it  hv'l.ls  for  g - *M\ 
generality,  we  assume 

j M if 

ll.li)  fix' 

I 

0 if 


'MVi|*|-K0>'  N ' 0 * K0  ' ° 


Thus  , W V.  t hout  l OS  s A' t 


1*1  - K0 


l 


where  m 0.  The  case  M v 0 is  entirely  similar.  We  proceed  now  by  giving  some 
estimate^  0 t toi  aibitraiy  *'  and  f given  by  0.1.0  . Since  d is  rotation 

* V* 

invariant  there  aie  nonnegative  functions  ulr),  w(r>  for  r ' 0 such  that 

N-l  . , R-l  . ...  54-1 

r utr)  - (r  w'u>>  « r >»  \ 


MO  v l < R, 


ll. 14' 


wvv'  « .'luir"  a.e. 


-7- 


and  Jf(x)  * u(|x|).  (Observe  that  we  are  abusxng  notation  a bit  by  using  u(r),  w(r) 
to  denote  the  functions  of  a single  variable  corresponding  to  the  rotation  invariant 
functions  u,w  of  N variables  in  Theorem  1 and  proposition  2.)  The  next  task  is  to 
estimate  J r*’  ^u(r)dr  (which  differs  from  j |j^f|  by  a constant  factor).  Letting 

_x  K (l*l>R)  V" 

ri  = we  rewrite  (1.14)  as 

(1.15)  rN_1a(w(r))  - (rN"lW  (r) ) 1 = rM_1Mx,n  u , 

(U  < r < | 

and  hereafter  usually  ignore  the  possibility  that  B is  multivalued  for  notational 
simplicity.  Let 


(1.16) 


where 


H = — / f = -RNM 

^ V N 0 


M t , 

is  the  area  of  the  unit  sphere  in  IK  . The  relation  j ^ J wf  ^ J N f 


equivalent  to 


(1.17) 


n 


rN_1  6 (w ( r ) ) dr  < H . 


In  addition,  the  estimate  of  Proposition  2 (iv)  (see  [5,  Appendix))  implies 


(1.18) 


r2r  . N-l  . „ . r2r  H 

J (w(s))s  ds  c^H  (J  s 

r r 


ds ) 


-sHr 


where  c^  will  denote  various  constants  depending  only  on  N . Since  (1.15)  implies 


(1.19) 


(rN~1w,(r))1  = rN-1S(w(r))  * o for  r > R 


0 * 


rN  *w' (r)  is  nondecreasing  on  . Thus  if  r^  ^w'(rQ)  > 0 for  some  rQ  e (R^,*) , 

w'  will  be  strictly  positive  on  (r^,«)  and  w(-f®)  > 0 . However,  (1.18)  then  implies 
that  if  r > rQ 

. v r2r  N- 1 f2r  . . N-l  „ 2 

w(r)  j s ds  < I w(s)s  ds  < c H r 

r r 

2-n 

and  w(r)  _<  c^  H r and  so  w(+°°)  * 0 , a contradiction.  Thus  we  have 


(1.20) 


N-l 

r w'  (r)  0 for  r 2.  R0  • 


N-l  N-l 

Next  we  integrate  the  inequality  t w'(t)/s  ^ w' (s)  (which  is  valid  for  ^ s ^ t) 

over  r < s<  t to  find 


(1.21)  w (r)  - w(t)  + ~(  1 


N-2  N-2 

r t 


>(-tN_1W(t)),  Rq  < r < t 


and  so,  choosing  t = 2r  and  using  w - 0 , 


(1.02) 


w(r)  ' - (-(2r)N  'w' (.»>>, 

N-2 
r 


Mi'W  We  ,.i  t 


and  c >msi'ondin qly  wine  c , w , etc.  l.et 
h n n 


!>■  ; i von . It 


follows  from  (!.7)  that  there  is  an  K(i) 
;R(.  ) N-!  o 


X such  that 
0 


(1.23) 


J 


The  convergence  * 


U 2H  . 

.»  v \ — J 

r 

implies  6 »"  1 


8 . By  Patou's  lemma  we  obtain  from  (1.23) 


and  * >•  l'u  t'xlst*‘IU‘>  of  an  integer  Mu  ) such  that 

jRU)  fN-l  ( e 


(1-24>  ] r"  ' l~tTT  Idr  > 2H  for  n ■ M(.) 

R0 

Using  (1.1  ),  11.20),  (1.22),  that  -rN  'w'(r)  is  nonincreasing  and  the  monotonicitv  o! 

£ we  have 
n 

/•RW)  N-l  f l'N(-(2R(>"  wM2R(t)l 
/ r en  ( )dr  < H . 


But  thon  by  (1.24)  anti  the  monotonicity  of  8 , 

n 

(1.25) 


N-i  N-l 

0 i 'X  WA(R)  1 'R(l  * w‘  (R<>  ) ) < c t for  R ■ X(  ) , n M ( ( ) . 
n n — N 


We  are  now  prepared  to  demonstrate  (1.12),  which  is  equivalent  to 

r r”'1 


(1.26) 


1 im 
R—  R 


Indeed,  by  (1.19),  if  k (r) 
n 

N-l 


£*  ( w ( r ) ) d r 

n 

N-l 


uniformly  for  n = 1,2,... 


w'  (r)  wo  havt 
n 


) r 
R 


B(w  (r) )dr  * k (*)  - k (R) 
n n n 


However,  by  (1.25),  (-)  - kMR)  <C|(1  if  n ^ MU)  and  R R(,  ) . ™hus,  if  0 . 

wo  can  guarantee 

ll-27»  TrN-‘  ,(w  (r))dr  . « 

R n 

provided  only  that  n and  K are  larqe  enough.  For  the  remaining  r ini  to  number  of 
indices  n , (1.27)  also  holds  if  only  R is  sufficiently  large  uni  t v proof  is  comp  do 

End  of  Proof  of  Theorem  3 for  N 2.3:  Fix  f , L1(KN)  and  let  , n ’ \ 

n * ' 

satisfy  the  conditions  of  Theorem  3.  By  Proposition  3,  (.)  f)  u pr.voin.wt  :n  I.  (T;N) 

n 

2 . . . then 


It  is  enough  to  show  that  if  nR  , k 1,2,...  is  a subsequence  o 


1 N 

■'e.  f * u in  l IK  1 implies  u j f.  Thus  we  assume  u J 
k , n . 

Let  Wn  ' M ' ( R ) , w (x)  t » (u  < x > ) a.e.  and  u - Aw 

n n n n n n 


• u in  1.  iX  ) 
v n 

i ,.i  i-i  rheot  em  11  . 


-a- 


The  estimates  (iv)  and  (v)  of  Proposition  2 imply  {w  } is  bounded  in  w[  (1RN)  for 

n loc 

1 N 

1 p • N'(N-l)  (see  |S,  appendix))  and  lienee  wo  can  assume  w ► w in  L,  ( F ) . 

n loc 

But  then  w(x)  - v(u(x))  a.o.,  w . MN/  ‘^(FN)  (by  Proposition  4 (iv)))  and 
N 

u - Aw  t in  '(H).  Thus  u J f by  Theorem  1.  The  proof  is  complete*. 

Proot  ■!  Plieorem  < foi  N l,.’.  The  proof  is  analogous  to  the  case  N \ in  many 

respects  and  we  only  sketch  it  here.  The  analogue  of  Proposition  4 is: 

Proposition  5:  Let  iS  • (),  r^  • 0 and  <l>  = {maximal  monotone  graphs  in  1R  with 

0 » (0)  anti  |^°(f.6)|  < r } . Let  N < {1,2}  and  f r.  L*(FN).  Then 

{ (I  A )“lf:  v«  < *) 

V 

1 N 

is  precompact  in  l.  ( 1R  ) . 


Proof . As  before  we  reduce  to  the  case  f = Mx 


I x <R„ 


and  the  problem  of  estimating 


/ r B(w(r))dr  * / r u(r)dr 

R R 

where  J f (x)  u(|x|),  w(r)  < *£(u(r))  or  u(r)  < B(w(r))  and 


N-l  N- 1 

r 8(w(r) ) - (r  w*  ( r )) ' = M\ 


{0  < r < R 


The  condition  on  corresponds  to 

(1.24)  6 |8(+ro)  | 

N-l 

Integrating  w'(r)  >_  (s/r)  w'  (s)  with  respect  to  r yields 

I w{r)  > w(s)  + (r-s)w' (s)  , R < s r,  N * 1 

(1.25)  / 

1 w(r)  >_  w(s)  + s£n(r/s)w'  (s)  , R £.  s r#  N = 2 . 

Thus  either  w'  (s)  0 or  w(°")  = *»  . But  w(*»*)  - 00  is  inconsistant  with  (1.24)  and 

(1.26)  j"  rN_1  B(w(r)dr  <_  H . 

0 

N-l 

Thus  w'  • 0 on  (**()'*)•  Now  we  integrate  (r/s)  w*(r)  w'  (s)  with  respect  to  s to 


find  the  analogues  of  (1.20): 


)w(r)  ■ w ( t ) + ( t- 1 ) ( -w ' ( t ) ) , R < r t , N=1 


^w(r)  > 


w(t)  * in  ( t/r)  I -tw*  (t ) 1 , R()  ^ r < t , N = 2 . 


Now  the  monotonicity  of  w(r)  and  hence  fl(w(r))  implies 

6(w(2r))  /*  * ;:N  *ds  <_  / r»N  1 B(w(s))ds  H for  r > 2R0 


so  we  have 
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v I . .‘*0 


l'  i w ( i ) ) 


N 


If  \ \ *•  1.11*1*’  OIUMijh  to  x|tt.tl  .lilt  OO  \ I HA,  WO  f tint  W(|)  I fl*4tt  ( l . 2M)  All>t 

N 0 


N t 


(1.24).  Thun  (1.2  7)  ttttplion  (t  w'(t)l  * 0 an  t » **•  tint  foi  ml  y foi  v’  ♦ i aiul  t ho 
proof  1*.  vi*mplotovl  .in  l«ofot  o . 

I ml  v'f  pioot  ot  Tlu*oi  oin  I to»  N - lf2.  Tht»  **onvoi  v*  • v‘  Aint  0 « tut  IMv’  ) 


imp l ton  tli.it  t hoi  o .11  o A , i 0 foi  whit'll  y*  • t <l»  ilof  iltisl  lit  I* « oi*o»  1 1 ton  *•  It  only 

*'  u 


n i m nut  t tot  out  1 y l.n*jo.  ltoiu»*  foi  r . 1. *(!<**)  { .t  rut  - 1,2,...)  t>»  pi  oootnpai  t . Tltr 


pioot  t *.  . oinploto*!  ,im  ti\  t ho  *\i.no  N t.  Itowovoi  wo  muHt  t|t»o  t ti.it  (w  .1  I n 

It  v* 

It 


t N 

1,2,...'  t *»  In  nut. t«*. I tit  I . I l<  ) in  .1*1*1  It  ton  to  t ho  t lit  oi  tn.it  ton  tit  fi  opot.  1 1 ton  2. 

lot' 


Noo  tin*  pioot*  of  | ’* , Tluttn  I . I \ 4.1|. 

Wo  will  nvonl  otu*  tuith«*i  lonult  hoi  o tot  futuin  lofoiomoi 
I'lo^onit  ton  t* . l.ot  v‘  In*  .i  in.iKtitt.il  mono t on o *|i  .iph  tn  •<  with  0 * y’(t')  . It  N - l 


oi  N 2 .inn  unto,  tn  .1*1*1  1 1 ton , th.it  0 » tnt  IMv* ) , Lot  A l*o  tin*  .im»oo  t .it  ml  itt  .looiotivo 


1 N 4 

opoi.itoi  tit  l (#>:).  Thou 


P(A  ) (v  . I.' (.*'N)  »v(x)  » IMv*)  4.o.  ) 


l _ N 


whi'i  e*  l'(A  ^ Iw  tin*  olomiio  of  IMA  ) in  I.  tlx 

V*  u 

Proof  i V* ■*  ittunt  Mltow  th.it  tf 
t 1.2*D 


I N N 

I (lx  ) .uni  tnt  IMv*  ) v(x)  * HVl|'  IMv*  ) .1 . «*  . K « 


1 


t lion  v IMA  ) . hot  \ ' 0 .nut  not  tt.  - ( I » V A ,)  v - ( l * A.  ) v 

* Vv 


.1.  .V  . 


I N. 


Now  u |»(A  ' . .nut  wo  will  out  .il*  l l ,ih  th.it  u.  * v I.  (K  1 .m  \ I 0 , whom  o t ho 
' v'  \ 


tomtit  Otto  h.m  Vv’ 


.t*.  \ I t'  whai  « 


( 1 . h>> 


V" 


lot 

i ".hi 

I «».»! 

* 


tnt  t'tv'l  * t mi|>  l'(v’) 
t inf  l'(v’) 

i «tt|'  1M.M 

lit  Imm  w l >U!  , 


f.  tli  "ulnlittiiititi.il  ..t  tin-  1 nit  I * '.it  oi  funot ion"  ot  IMv').  Mino  il  • A,  ) v v l-y 

it 


(I  ..’‘D,  (I.  til),  Ttmoi  .'in  l imi'l  It'll  n^  * v if  v’^  HatlHfln*  t ln>  tiy|"ol  Iiohi".  on  v'  ^ in 


i’ti.'oi . mi  t Tli  i *i  i >i  olo.il  ly  I lio  OiiMO  It  Inf  IMv*  1 ■ i'  ' till)*  I'lv’l,  wliilo  t lit.  ortwo 
ini  l'(.  ' ill'  IMV'I  - Il  (wliioli  In  .ill own. I foi  N U in  liivt.il.  II,  foi  ox.im|'ln, 


tntl'k’l  tiill'I'l*')  -in.ixl’iv'l  i',  Iwliti'li  i«  I'omm  Hilo  foi  N "•  II  , lot  v'(  I ) “ »'i  I ) * > ' i i • i'  , 


*V  *V 

^ (0)  ■ **  (0)  n (-«,() I , ^ (r)  ■ f 0 1 for  r > 0 , Then,  since  j a#v  < *t  ai  > n »,v 

W V 

•\, 

and  Proposition  2,  and  /(r)  < <Mr)  for  r • 0 

•v 

applied  to  V in  place  of  **  yields  J 


( i . ;•!) 


Jtfv  " J Vv*v*  above  aiviument 


>1X-V  » V in  l.'(l<N)  as  X ( 0 


Thn 


rpmaining  can**  inf  D(v)  - min  D(v)  - 0 is  pxact  ly  thp  samp. 


■ 


2.  Continuity  in  l.*  (o  ) for  N 


Throughout  this  section  we  assume  N ^ 3.  The  weights  » ^ an  given  by 
(2.1)  p (x)  » (1  + |x|2)'a. 

(I 

l.' (i'  ) denote'  the  weiqhted  L.^ - space  determined  by  the  norm 


(2.2) 


Hull 


I.1  (p  ) 

a 


{ p (x) I u (x) |dx . 


N 


IK 


The  main  result  of  this  section  is: 

Theorem  7.  l,et  y be  a maximal  monotone  qraph  in  F with  0 . y((l).  Let 

0 < a < (N-2J/2.  Then  the  operator  A in  L*(p  ) defined  by 
— y a 


(2.3) 


A u = |-Aw:w  t L*  (p  ,),  -Aw  < L*  (p  ) and  w(x)  > y(u(x))  a.o. 
y at  1 a 


for  u . I.1  (p  ) is  m-accretive  in  L*(p  ).  Moreover,  if  v"  , n 
a an 


1 ,2, ... , 


• >r<  maximal 


monotone  qraphs  in  F with  0 e y (0)  and  y -»  y (as  maximal  monotone  qiaphs)  as 

n n ■» 


then  A 


as  m-accretive  operators  in  L (p  ) . 

a 


As  a preliminary  to  the  proof  of  Theorem  7 we  consider  the  problem  -Aw  ; f • r.  (p  ). 


Let 

(2.3) 


y*>  * yi*i 


N-2 


where  is  that,  constant  for  which  -AE^  = ^ , the  Dirac  mass  at  the  origin.  That  . , 

E is  a fundamental  solution  of  -A. 

N 

N-2  1 

Proposition  8.  Let  0 < a <_  and  f < L (p  ) . Then  there  is  exactly  one  solution 


w * L (p  ) of  -Aw  - f.  This  solution  is  qiven  by 
atl  ' 

a.. 


(2.4) 


w(x) 


f (x) 


I x-y | N~2 


, f ( y ) dy 


1 N 

Moreover,  grad  w * L (p  and 

u+1/2 


(2.5)  II E «f  II  t II  | qrad  (K  * f)  j II 

L(l’atl>  L<P„tP 

for  a constant  c depending  only  on  N . 

N 

proof : There  are  two  main  points  whose  proofs  we  will  sketch.  l-*u  t w.  claim  t hat  if 

w ' (P  . ,1  and  -Aw  = 0 , then  w * 0.  This  is  observed#  fn»  excimde,  ,n  the  ptool  of 
at  1 

the  remark  following  Theorem  2.1  in  (51.  Alternatively,  l.*  (r  i *;  a sub*. pace  of 

N K 

( H ) , the  continuous  linear  functionals  on  the  Schwartz  space  ( IK  ) o'  tapidly 

« J 

decreaslnq  C functions.  Hence  v < L (p  .,)  and  Aw  = 0 implies  w is  a const  ant . 

at  1 
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But  if 


i * (N-2)  2,  the  only  constant  function  in  L (p  ,)  is  0 . This  »-st  al>  1 i she; 

a*  1 

the*  univjuennss  claim  of  the  propos 1 1 ion . The  existence,  (2.4)  ami  the  estimate  (2.5) 


all  follow  easily  if  we  establish  (2.5).  Observe  that 


(2.6) 


ami 


"V" 


1 , / N 1 / N 

L ,*1*  * * 


«-y  I 


N-2 


a ♦mVu*1’ 


dx | f (y) |dy) 


(N-2)i 


(2.7)  II  (qr.uiK  )*fll  , 

N .1  , 

L ^ i*  1 /2 


L In  1 In  ] (l4l*|2)  ‘ <1x|f(y)|dy) 

K K | x-y | 


To  estimate  these  quantities  appropriately  wo  use: 
Lemma  9.  Let  -0  , > o and  N * fl. 

Then  there  is  a constant  C C(tf,\,N)  such  that 

/ — i ' *,  _JL_ 

I x-y  | ^ 1*1x1'  1 ♦ | y | ‘S 

where  A « min (fl+y-N , B) . 


Sketch  of  Proof  of  Lemma  JJ.  Using  the  assumptions  that  tf+>-N*0  for  large  |x|  and 
that  N > 8 for  x near  y one  sees 

1 1 


dly)  - / 


x-y | ^ UM' 


dx 


and  g is  bounded  on  compact  sots.  Decomposing  the  inteqral  defining  q into  the  sum 
of  three  int»'qrals,  one  over  each  of  the  sets  12^  ■ (x  < RN  : |x-y|  <_  j l y | 1 • 

SJ^  *=  ( x < HN;  | x-y  | >_  ~|y|  and  |x|  <_  2 1 y | 1 and  ii } * t x » KN  : |x|  2.  2|y|)and  using  that 
| x | _>  L| y | on  while  | x-y | > j|x|  on  il^  , one  obtains  g(y)  2.C(|y|N  |y|_l<) 

where  the  tern  |y[  *'  arises  from  the  Integral  over  P^  • T*'e  result  follows. 

End  of  Proof  of  Proposlt ion  fl.  From  Lemma  d we  find 

r 1 1 

(i*  U n 

and 


cons.  < cons . 

N i iN-2  . . . | i2.a+l  x ,.i  #i.  i„i2t6/2 


1*  I y|  _ <H|y|V' 


N | , N- 1 , . | ,2.  (a*  L) 

N x-y  (1*  x ) * 


( i* I yI 2> 5/2 


vl”'1  (1*  |x  I')  "'T  1 ’ 1* | V | 

where  (t  = min(2a,N-2)  min(2n,N-l)  « a for  a <_  (N-2)/2  . Together  with  (2.t>)  and  (2.7), 
these  estimates  imply  (2.5). 
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'Hu*  next  mut  ed  lent  in  the  proof  of  Theorem  7 is; 


Proposition  10:  Let  w « L*  (c  ,)#  Aw  « L*  (p  > and  0 • a *■  (N-2)/N.  Let 
u ♦ 1 a 


P • v * \ K>  1.  I**'  , 0 p‘,  | % r L (K)  .tint  p ( 0)  • 0 . Then  p ' ( w)  | «j t ad  w | * r (I.*(p  )) 


and 


i--H'  l Aw)  p(w)c  ♦ ] p ' (w)  |g«  dilw  | *t»  ♦ / )(w)(-Ap  ) ' 0 

v*  «,N  «.N  ® 


where  i(f)  - /*  p(s)ds. 

0 


Proof  l.t  t ( f '•'(K  ) « f * -Aw  in  l.  (v>  ) . TIumi  w * E •(  HAt  Ufina  (by 

n 0 n u n N n 

Proposition  H) 


( i) 

w * w 
n 

in  i.1  ip  i 

11  *1 

1 • 

2.*) 

(i»> 

vj!  adw 

n 

* gradw  in 

U1 

l(l’,n/2,,N 

(iio 

-Aw 

n 

f * -Aw  in 
n 

L1 

(p  ) . 

11 

We  may  mt  cut  ate  the  identity 


(Aw  )plw  )*  • div(p(w  )p  vjiadw  - J(w  ) grade  ) 

n n a n a n n a 


Utrtdw  p'  (w  )p  ♦ 1 (w  )Ap 
n r n a n 


OVet  the  ball  { X 


N , , 

* : * 


N f - and  let  N * **■  to  conclude  that  (*.tf)  holds*  with 


«*■  n 

w i«plav»d  h\  w . Indeed*  since  t » \*  (ft  1,  w and  utadw  decay  like* 
n n 0 n n 


and 

Thus 


N ♦ 1 


, » i-'.jrct  ive  1 y , as 


while  p t h and  | J<w  ) | v_ 


(w  ) . 


r(w  uadw 

n i n 


i (w^luradpj  * const.  (|x|  “l'|x|  N*1  ♦ |x| 
,i  , - (N - 1 ) ♦ *»i) 


N».’, 


a x,  • *>  and  the  inteuial  ovei  attsinu  hum  the*  divergence  term  above  tends  to 


zero  a K * * . Now  w»*  pass  to  the  limit  as  n 

/ 


in  t lu  i elat ion 


I ^w  )p(w  )»*  ♦ u >'  (w  ) gradw  p ♦ I M Hw  ) l-Ap  1 - 0 

' N n n a * N n n u _ N n a 

U>  tv-  X 


to  i t iM  > ,n  i.’.d'.  The  fust  and  third  terms  aliovr  have  the*  desited  limit  inu  value*,  by 
( * . ‘>)  i ' . (iii'  and  | | (w  ) ( -Ac  ) 


const,  w c , , while  the  second  term  i handled 
n ut  l 


by  Patou* 


lemma  and  l . v»>  i i i > . 


Sketch  of  Proof  of  Theorem  7. 


It  is  now  a (somewhat  lengthy)  exercise  in  tire  u.-.e  t 


the  arguments  of  151  to  verify  that  A as  given  by  (2.3)  is  m-accretive  in  f.  < , ). 

* • i 

We  leave  this  to  the  reader.  (The  third  term,  ! j(w)(-.V  ),  in  (2.H)  is  nonneuat  : 

_ N (I 


Wt*  leave  this  to  the  reader.  (The  third  term,  J j(w)(-A,>  ),  in  (2.8)  is  nonneqat  ivt 

R “ 

since  -An  ' 0 by  direct  calculation.  It  may  be  drooped  while  doing  the  exercise.) 

ll 

It  remains  to  show  that  * * <f  implies  A ♦ A in  bl  (n  ).  Each  A lias  the 

n m •fi  •f  a v' 

n " 

properties  used  in  the  proof  of  Theorem  I for  N » 3.  In  particular,  .)  « (I  « A )"' 

f v' 

is  order  preserving,  translation  invariant  and  an  I.1  <p  ) -contract  ion.  Thus  for  each 

a 

f • !■  (p , (J  fi  * a maximal  monotone  graph  in  R with  0 «■  ^(0)V  is  precompact  in 
!•,  <*<  ) . To  see  this  set  is  precompact  in  I.l(p  ) we  need  only  show 


(2.10)  lim  / p |j  f|  - 0 

R~  |x|>  R “ * 

1 N 

uniformly  in  for  a dense  set  of  f's.  But  if  f < b ( R ) 


if.'* i» 


i-Vi  "■  i » 

(Ur  1 l (R  > 


and  so  (2.10)  holds  uniformly  in  y> . The  convergence  A -»  A then  follows  as  before . 

n ■“ 


to 


A countei example  tor  N l. 


We  consider  the  special  case 
I u.  - A(um)  » 0 


(».l) 


l 


u(0,x)  - u (x) 
0 


of  (l'  where'  vMr)  * r , 0 < m < (N-2)/N.  (More*  precisely,  wo  mean  *'  ir)  • i \>im  , 

but  will  often  write  rm  for  brevity.)  Let  S (t)  be  the  semigroup  on  1 1 ( *N) 

m 

associated  with  (3.1).  With  ;>  - 2N/(N-2)  we  will  prove: 

Proposition  10.  hot  0 «■  m . (N-2)/N  , H • (2-m2*)/(2  -2)  and  u I.1' " 1 ■ l.N)  i.'mNi 

• • 

Then  there  is  a T '0  such  that  S (t)u„  ■ 0 for  t T 

m 0 — 

This  haii  the  following  relevance  for  the  proceeding  results:  Si*t 
| min(nr,rm)  for  i > 0 , 


( 3.2) 


♦’  n l r ) “v 

1 max  (nr,  - |r|  ) for  t • 0 


and  n • 1,2,...  . Then  C ^ : r ) » ] r | siqnr  as  maximal  monotone  graphs  ,v.  n 

However,  one  can  easily  show  that  if  u is  the  solution  of 

n 


du 

n 

dt 


♦ A u - 0 
v*  n 
n 


( 3.  3) 


u (0)  - u. 


then  I u ( t ) 
■«tN  " 


fOl  fll  l t 


. It  fol  lows  from  Theot  t*m  t.l  that  u t*  ' 

n 

cannot  converge  to  s (t)u.  for  any  t T unless  I u 0 . 

m 0 N 0 

1' 

P 3 1 hi  t of  Propostt  ion  10.  Tlie  formal  idea  of  the  pt  oof  runs  as  follow  Multiply  tin 

equation  u^  - Aum  - 0 by  ^ u'  and  integrate  over  IK  N to  find 


(3.4) 


d 

dt 


r H*  1 

V"  ” 


TK 


Now  the  Sobolev  inequalities  imply 

, . . , r m S 4mS  , . 2 , 2 

«»-s'  J N Vu  Vu  /n  I Vu 


m*  :> 


ft 


(m*|3)  IK 
m*  g 

C,/n  u 

IK 


1 


where  2*  • 2N  (N-2)  . When  S - <2-m2»)/t2«-2)  we  have  tmtti).’*  2 1 m all, 

(3.4)  , (3.S)  imply 
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, t d • r tUl.2/2 

(1*>  vi t • N U ' 4 1 ( J N U > 

I K 

Nowevet  , i‘Vi'1  v solution  ot  t ho  inequality 


wh«*»  i*  t |0,  » > • 10,*®)  , C > 0 , 0 * > < 1 has  the  property  that  there  is  a T s 0 
such  that  f (t  ) - 0 foi  t T . This  is  proved  by  comparison.  The  function 


• l-i  l-v 

Lilt  i • air  - 1 ) , a l 1 1->  )c) 


sat i st les 


g1  ♦ c g • 0 on  |0,T  | 


and  q (0)  - aT 


f (0)  it  T is  large  enough.  Hence  f < g on  |0,T  1 and 


f 0 for  t ^ T . 

This  formal  proof  can  be  made  rigorous.  We  sketch  how  this  is  done.  Assume  that 

1 N *»  N IN 

u • l.  i ft  ) 1 l ft  ) . l.et  X y 0 and  define  v • u „ , and  then  v,  . « L (ft  ) n 

0 0 0 1*1 

N 

t (It  ) by 

VU1  ’ Vi  . m 

<J-9>  x Avrn  * 0 


or,  moio  precisely,  v • (I  ♦ \A _)  v.  . Wo  multiply  (3.9)  by  v.  And  use  thAt 


’ ' ’ i M 

H l t*n  1 b>l 

V V ' — — v ♦ — V 

i Hi  - |U1  i 8 HI 


to  conclude 


1 8+1  H*  1 . ,,  m , 8 n 

— r (v  , - v ) - (Av . . , ) v . . - 0 . 
8*1  HI  l HI  U1 

Integrating  this  inequality  ovoi  K yields 


l , f 8-*  1 [ 8t  1 . f , m 8 

v 1 JkN  V,  .1  - ^NV,  1 - / Vv„l  Vvm  - 0 


and  so,  by  Sobolev, 


)2* 

r 8»1  r 8*1  . I . , 3 1 

N Vl  * J N V,  * * / lVi.l'  J 


. t , m , I'  ean  be  justified  by  15,  Appendix)). 

The  minipulat  ions  involving  J ' ''v, , | ' v , , j 

Set  v it)  v fot  i V - t (HI)  V.  Then  the  semigroup  theory  implies  v » u , 

V l ' 

where  u is  the  semigroup  solution  of  ('.1),  in  l (R  ) uniformly  on  compact  subsets 

ot  |0,*)  Since  (I v II  ' Hu  II  , v * u in  L*'(*tN)  for  1 ' p «•  . uniformly  on 

' I*"  0 l" 


compact  sets.  Thus  f it) 


tor  i\  v t » (ill)  i converges  uniformly 


on  compacts  to  fit)  • /N  (u(t))1*  * . The  relation  (3.10)  can  bo  rephi ased  as 

' 1 1 x 1 1 . \ > - t'v(tn  ♦ c r x ( t ♦ \ > * * o 

for  O'  t.  Multiply  this  relation  by  4'  « C>((0#«*))  4’  ^ and  integrate  to  find 

| /*< fx(t*\)  - f (t))»(t)dt  ♦ c /"  f (t+X)J/*  *(t)dt 

0 0 

. f f (t  )(*-<*.-.*>  - »<*>)  dt  + c/- f (t.x)-V2‘  *<t>dt  < o 
o'  0 

provided  % {t)  ■ 0 fot  0 <.  t * • Lotting  \ 4 0 wo  have 

* 

f ( t ) $ * ( t)  dt  ♦ c /"fit)"*  iMtldt  I 0 
0 0 

* 

2 /2 

so  f1  ♦ c f ( t ) 0 in  /)’  <<0,*'>K  Howovor , the  comparison  aryument  mado  alx>ve 

is  valid  if  (3.7)  only  holds  in  the  sense  of  distributions.  Wo  conclude  that  f(t)  0 


for  t N T , whore 


*-  <7ST  / -jr1)1-*  (U-x)O-1  • 


8*1  i.  N 0 ' 

^ IV  n * 

Now  wo  can  eliminate  the  assumption  t L (1R  ) by  approximation  (since  T depends 


on  1 y on  II  u , 


Rcmat ks:  Tht>  solution  u of  the  problem  (which  can  h<-  utusural  ieod) 

( u - i\(|u|m  siqnu)  * 0 t > 0 , x t 11 


u(0,x)  • u (x) 
m 

U (t ,x)  • 0 


for  t ' 0 xi  Oil 


where  s!  is  a hounded  open  subset  of  H and  u < L (si)  Isas  a finite  extinction 

* * 

time  T such  that  is  0 for  t ^ T if  0 ' m - i . This  may  be  proved  tot 

out  not  ion  of  so  tut  ion  much  as  above.  The  behavior  of  u as  t t T 

is  considered  in  Berryman  and  Holland  1 1>  1 , who  remark  in  passing  on  adapting  a proof  of 

* N 

Sabinina  l 1 S | of  the  existence  of  T if  N • 1.  Tf  ft  * K , as  in  our  case,  then 

T exists  only  if  0 v m < tN~ J ) 'N  as  our  results  prove.  (There  can  be  no  extinction 

IN 

in  the  cast*  wo  have  cont  inuous  dependence  in  L (IK  ) .)  The  results  of  Beni  lan  and 
Aronson  (11  establish  that  there  is  no  extinction  fot  (N-.M  *N  v m «.  l,  Veron  117] 
exhibits  othet  cases  of  extinction  times. 
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